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We study Ka¨hler-Dirac fermions on Euclidean dynamical triangulations. This fermion formulation
furnishes a natural extension of staggered fermions to random geometries without requring vielbeins
and spin connections. We work in the quenched approximation where the geometry is allowed to
fluctuate but there is no back-reaction from the matter on the geometry. By examining the eigenvalue
spectrum and the masses of scalar mesons we find evidence for a four fold degeneracy in the fermion
spectrum in the large volume, continuum limit. It is natural to associate this degeneracy with
the well known equivalence in continuum flat space between the Ka¨hler-Dirac fermion and four
copies of a Dirac fermion. Lattice effects then lift this degeneracy in a manner similar to staggered
fermions on regular lattices. The evidence that these discretization effects vanish in the continuum
limit suggests both that lattice continuum Ka¨hler-Dirac fermions are recovered at that point, and
that this limit truly corresponds to smooth continuum geometries. One additional advantage of the
Ka¨hler-Dirac action is that it respects an exact U(1) symmetry on any random triangulation. This
U(1) symmetry is related to continuum chiral symmetry. By examining fermion bilinear condensates
we find strong evidence that this U(1) symmetry is not spontaneously broken in the model at order
the Planck scale. This is a necessary requirement if models based on dynamical triangulations are
to provide a valid ultraviolet complete formulation of quantum gravity.
I. INTRODUCTION
Quantum gravity remains one of the outstanding chal-
lenges in theoretical physics. One approach to obtaining
a consistent, predictive theory is the asymptotic safety
scenario of Weinberg, where the theory is effectively
renormalizable when formulated nonperturbatively [1].
It is already well-known that gravity is not perturbatively
renormalizable [2, 3], so the investigation of asymptotic
safety rests on the hope that the theory is strongly cou-
pled at the ultraviolet fixed point, a situation that is
difficult to investigate using standard perturbative field
theory methods. Despite this, there are a number of
results that suggest that gravity is asymptotically safe,
coming mainly from either lattice [4–6], or from the func-
tional renormalization group [7–12]. This work follows up
on Ref. [13] in focusing on Euclidean dynamical triangu-
lations (EDT), which is one of the original attempts to
formulate quantum gravity using lattice methods [14–16].
EDT is a path integral formulation of gravity
that involves a sum over all geometries, weighted by
the Einstein-Hilbert action. The geometries are ap-
proximated by piecewise continuous assemblies of 4-
dimensional building blocks called 4-simplices, which are
the four dimensional analogs of triangles. If a continuous
phase transition can be found somewhere in the phase di-
agram, the diverging correlation length associated with
a continuous phase transition would allow one to take a
continuum limit. If in addition to this, classical general
relativity in four dimensions emerges in the appropriate
long distance limit, then dynamical triangulations would
be a candidate formulation for an ultraviolet complete
theory of quantum gravity.
In Ref. [13], which involved a subset of the authors of
this work, we presented evidence that EDT supplemented
by an ultralocal measure term [17] can recover semiclas-
sical geometries that are four dimensional within mea-
surement errors, and that this model has a continuum
limit. The evidence for semiclassical physics is the fol-
lowing: The global Hausdorff dimension is close to four,
as seen by finite volume scaling; the expectation value
of the geometries resembles Euclidean de Sitter space in
four dimensions, and the agreement with the classical so-
lution gets better as the continuum limit is approached;
the spectral dimension, which is a fractal dimension de-
fined by a diffusion process, varies with distance scale
and approaches a value close to four at long distance
scales. This variation of the spectral dimension with dis-
tance scale is seen in other approaches to quantum grav-
ity [18–20]. The recovery of the physical theory appears
to require a fine-tuning of the bare lattice parameters.
In fact, the agreement with the classical theory is not so
good at long distances, but gets better as one makes the
lattice spacing smaller. Both of these are features of a
theory where a symmetry is broken by the lattice regu-
lator. This implies that discretization errors are actually
smallest in a window between the largest and smallest
distance scales on a given lattice ensemble, though this
situation improves as we take the continuum limit. We
must keep this in mind when choosing fit ranges for our
matter correlation functions. It was argued in Ref. [13]
that the symmetry in the case of our calculations is con-
tinuum diffeomorphism invariance. Regardless of this in-
terpretation, the numerical evidence for the emergence
of semiclassical physics argues for further investigation
of the model.
One important way to test this approach is to study the
effects of dynamical triangulations on the matter sector,
and in this work we focus on fermionic matter. Given the
fractal nature of the geometries at short distances, it is
not a forgone conclusion that we can recover continuum-
like fermions in the long distance limit. Furthermore, it is
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2important that strongly coupled gravity does not behave
like quantum chromodynamics (QCD) in that quantum
fluctuations in the gravity sector should not induce chiral
symmetry breaking in the fermion sector. In QCD, spon-
taneous chiral symmetry breaking leads to fermion bound
states with masses of order the QCD scale, except for
the pions, which are the pseudo-Goldstone bosons of the
spontaneous chiral symmetry breaking. In the Standard
Model, chiral symmetry protects fermion masses from
additive renormalization, so that light fermions are tech-
nically natural. We do not want quantum gravity to lead
to spontaneous chiral symmetry breaking induced at the
Planck scale, since this would cause fermion bound states
to also acquire masses of order the Planck scale. Notice
that this is not just an academic point: early work with
Dirac fermions on quenched random lattices saw precisely
this phenomenon and one might worry that a similar phe-
nomenon would occur on DT geometries [21, 22]. How-
ever, in this paper we will show strong evidence that this
is not the case for Ka¨hler-Dirac fermions. At least part of
the underlying reason for this stems from the existence of
an exact U(1) symmetry for Ka¨hler-Dirac fermions which
generalizes the usual U(1) symmetry of staggered quarks
in QCD and ensures that fermion masses undergo multi-
plicative renormalization and depend only weakly on the
cut-off scale.
As a further step in testing the EDT model we inves-
tigate adding fermions to the simulations. Calculations
involving scalars [23] and gauge fields [24, 25] have been
done on dynamically triangulated lattices some time ago,
but fermions have only been considered in two dimen-
sions [26]. In this work we study fermions in four di-
mensions using the Ka¨hler-Dirac formulation [27]. This
is a natural approach to fermions on dynamically trian-
gulated geometries because of the precise correspondence
between the continuum and lattice formulations and be-
cause the construction does not require the addition of
new degrees of freedom like the vielbein and spin con-
nection. In flat, four dimensional space-time continuum
Ka¨hler-Dirac fermions are equivalent to four copies of
Dirac fermions, but they differ in the presence of cur-
vature. Thus, if our geometries are sufficiently smooth,
then in the large volume, vanishing curvature limit, we
might expect to recover four copies of Dirac fermions.
We will see that there is evidence supporting this, but
only in the continuum limit. At finite lattice spacing we
see discretization effects that are reminiscent of staggered
fermions in lattice gauge theories [28]. This may not be
surprising, given the close relationship between staggered
fermions and Ka¨hler-Dirac fermions in gauge theory on a
regular hypercubic lattice [29, 30]. We find evidence that
these discretization effects vanish in the continuum limit,
bolstering the case that we can include fermions with the
expected continuum properties on dynamical triangula-
tions, and perhaps more importantly, that a continuum
limit exists at all. We also find evidence that the ana-
log of chiral symmetry is not spontaneously broken in
our model, as indicated by the vanishing of the chiral
condensate in the chiral limit when the infinite volume
limit is also taken. This is a necessary requirement for a
phenomenologically viable theory of quantum gravity.
This paper is organized as follows: Section II reviews
the EDT formulation and the lattice simulations that
were carried out in Ref. [13]. Section III reviews the
Ka¨hler-Dirac formulation, both in the continuum and on
the lattice. Section IV discusses the construction of the
exterior derivatives on the lattice. Section V presents the
results of the numerical simulations, including a study
of the eigenvalue spectrum and fermion bound states,
as well as fermion condensates. Finally, we conclude in
Section VI.
II. LATTICE SIMULATIONS
A. The model
In Euclidean quantum gravity the partition function is
formally given by a path integral sum over all geometries
weighted by the Einstein-Hilbert action and the action
associated with the matter sector
ZE =
∫
D[g]D[ω]D[ω]e−SEH [g]−SKD[ω,ω], (1)
where the Euclidean Einstein-Hilbert action is
SEH = − 1
16piG
∫
d4x
√
g(R− 2Λ), (2)
with R the Ricci curvature scalar, g the determinant of
the metric tensor, G Newton’s constant, Λ the cosmolog-
ical constant, and we choose the matter action SKD to
be the Ka¨hler-Dirac action
SKD =
∫
d4x
√
g ω(d− δ +m0)ω. (3)
The Ka¨hler-Dirac fields, ω consist of a collection of Grass-
mann valued p-form fields which are coupled through the
exterior derivative d and its adjoint δ with m0 the mass.
The equivalence of this action to (four copies of) the usual
Dirac action in flat space is shown in [29, 31]. Notice that
this action is only sensitive to the geometry via the mea-
sure
√
g and the hidden factors of the metric needed to
define the adjoint δ.
In dynamical triangulations, the path integral is for-
mulated directly as a sum over geometries, without the
need for gauge fixing or the introduction of a metric.
The dynamical triangulations approach is based on the
conjecture that the path integral for Euclidean gravity
without matter is given by the partition function [14, 25]
ZE =
∑
T
1
CT
N2∏
j=1
O(tj)β
 e−SER (4)
where CT is a symmetry factor that divides out the num-
ber of equivalent ways of labeling the vertices in the
3triangulation T . The term in brackets in Eq. (4) is a
nonuniform measure term, where the product is over all
two-simplices (triangles), and O(tj) is the order of tri-
angle j, i.e. the number of four-simplices to which the
triangle belongs. In Ref. [13] a subset of us found that
the parameter β must be fine-tuned in order to obtain
ensembles with semiclassical properties in four dimen-
sions. In this work we neglect the contribution of SKD
in Eq. (4) in the Boltzmann weight when generating the
geometries. This is an uncontrolled approximation com-
monly referred to in lattice field theory as the quenched
approximation, but it allows us to use the existing en-
sembles that were generated previously and described in
detail in Ref. [13]. Even quenched, the properties of the
valence fermions and their interactions can be studied,
and a number of qualitative features are expected to be
retained.
The discretized version of the Einstein-Hilbert action
in four dimensions is the Einstein-Regge action [32]
SE = −κ
N2∑
j=1
V2δj + λ
N4∑
j=1
V4, (5)
where δj = 2pi − O(tj) arccos(1/4) is the deficit angle
around a triangular hinge tj , with O(tj) the number of
four-simplices meeting at the hinge, κ = (8piG)
−1
, λ =
κΛ, and the volume of a d-simplex is
Vd =
√
d+ 1
d!
√
2d
ad, (6)
where the equilateral d-simplex has a side of length a.
After performing the sums in Eq. (5) one finds
SE = −
√
3
2
piκN2 +N4
(
κ
5
√
3
2
arccos
1
4
+
√
5
96
λ
)
, (7)
where Ni is the number of simplices of dimension i. We
can rewrite the Einstein-Regge action in the simple form
SER = −κ2N2 + κ4N4, (8)
where we have introduced the couplings κ2 and κ4, which
are more convenient to work with in the simulations.
The generation of the lattice ensembles is described in
detail in Ref. [13], and we make use of the same saved
lattices that were used in that work. We briefly review
the properties of those lattices here. The lattice geome-
tries are constructed by gluing together four-simplices
along their (4− 1)-dimensional faces. The four-simplices
are equilateral, with constant edge length a, and the dy-
namics is encoded in the connectivity of the simplices.
We sum over a set of degenerate triangulations, where
the usual combinatorial manifold constraints are relaxed
[33]. Thus, distinct four-simplices may share the same
5 distinct vertex labels, and the neighbors of a given 4-
simplex are not necessarily unique; these are both condi-
tions that would violate the combinatorial manifold con-
straints. The advantage of using degenerate triangula-
tions is that it leads to a factor of ∼10 reduction in finite-
size effects compared to combinatorial triangulations [33].
Evidence for the existence of a continuous phase transi-
tion and a continuum limit was presented in Ref. [13] for
degenerate triangulations. If this continuum limit really
exists, it is likely that by universality the sum over combi-
natorial triangulations would realize the same continuum
theory. The use of degenerate triangulations introduces
a complication when formulating Ka¨hler-Dirac fermions
on our lattice geometries, since the formulation requires
that the geometries be orientable. We show that the
class of degenerate triangulations retains this property
and that the expected relations for the lattice analogues
of the operators d and δ are still satisfied.
B. Simulation details
The numerical methods used to evaluate the parti-
tion function in Eq. (4) are by now well established [34].
The standard (scalar) algorithm to perform the Monte
Carlo integration of the dynamical triangulations parti-
tion function consists of an ergodic set of local moves,
known as the Pachner moves, which are used to update
the geometries [15, 35, 36], and a Metropolis step, which
is used to accept or reject the proposed move. The lat-
tices in this work were generated using a parallel vari-
ant of the standard algorithm, called parallel rejection.
This algorithm was tested by demonstrating that it gives
identical results, configuration by configuration, to the
scalar algorithm. Parallel rejection takes advantage of,
and partially compensates for, the low acceptance of the
Metropolis step in the range of couplings that were sim-
ulated and is described in more detail in Ref. [13].
The sum over geometries is restricted to fixed global
topology S4. In order to restrict the geometries to S4 it
is sufficient to start from the minimal four-sphere at the
beginning of the Monte Carlo evolution, since the local
moves are topology preserving. As is standard in such
simulations, we tune κ4 to its critical value in order to
take the infinite lattice-volume limit. This amounts to a
tuning of the bare cosmological constant, although this
is not in itself sufficient to recover a small renormalized
cosmological constant, since it only allows one to take
the infinite lattice-volume limit, not the infinite physical-
volume limit. In four dimensions the update moves are
only ergodic if the lattice four-volume is allowed to vary.
However, it is convenient to keep N4 approximately fixed.
We work at (nearly) fixed four-volume by including a
term in the action δλ|Nf4 −N4| to keep the four-volume
close to a fiducial value Nf4 . This does not alter the
action at values of N4 = N
f
4 , but serves to keep the
volume fluctuations about Nf4 from growing too large for
practical simulations. The value of δλ was chosen to be
0.04, which was found to be small enough to not lead to
significant effects [13].
The phase diagram of this model is shown in Fig. 1.
Line AB is a first order phase transition line separat-
ing the branched polymer phase and the collapsed phase.
4β
Branched
Polymer
Phase
Collapsed
Phase
κ
2
B
A
D
C
Crinkled
 Region
FIG. 1. Schematic of the phase diagram as a function of κ2
and β.
Neither of these phases looks particularly semiclassical,
with the branched polymer phase having a Hausdorff di-
mension of 2 and the collapsed phase having a large,
possibly infinite, dimension. The crinkled region is con-
nected to the collapsed phase by what appears to be an
analytic cross-over, and it shares the properties of the
collapsed phase, except that it appears to have especially
large finite-size effects [37]. A similar phase diagram was
seen in Ref. [38] using combinatorial triangulations. It
was shown by a subset of us in Ref. [13] that close to the
phase transition line the lattices have semiclassical prop-
erties, with a Hausdorff dimension close to 4 and the
emergence of de Sitter-like geometries. In order to ob-
tain classical behavior one requires a fine-tuning to the
transition line, though agreement with classical results
also requires that one take the continuum limit. A con-
tinuum limit appears to exist and can be approached by
following the transition line to large (possibly infinite) κ2
values.
Table I shows the parameters for the EDT ensembles
that we have used for fermion calculations in the current
work. We consider multiple volumes at β = 0 in order to
study the finite-size scaling in this region, and we con-
sider many different points along the first-order transition
line in order to study the lattice spacing dependence of
valance fermion observables. The relative lattice spac-
ings of these ensembles was determined in Ref. [13] by
looking at the return probability of a diffusion process.
arel β κ2 N4 Number of configurations
1.47(10) 1.5 0.5886 4000 367
1.47(10) 1.5 0.612 8000 145
1 0.0 1.669 4000 575
1 0.0 1.7024 8000 489
1 0.0 1.7325 16000 501
0.81(6) −0.6 2.45 4000 414
0.72(5) −0.8 3.0 8000 1486
TABLE I. The parameters of the ensembles used in this work.
The first column shows the relative lattice spacing as deter-
mined in Ref [13], with the ensembles at β = 0 serving as the
fiducial lattice spacing. The quoted error is a systematic error
associated with finite-volume effects. The second column is
the value of β, the third is the value of κ2, the fourth is the
number of four-simplices in the simulation, and the fifth is
the number of configurations sampled.
III. KA¨HLER-DIRAC FERMIONS
A. In the continuum
Ka¨hler-Dirac fermions naturally arise when taking the
square root of the Laplacian operator written in the lan-
guage of exterior derivatives. In concrete terms we form
the Ka¨hler-Dirac operator
K = d− δ. (9)
where d is the exterior derivative and δ its adjoint. Using
the fact that d2 = δ2 = 0, we see that
KK† = −(d− δ)2 = (d δ + δ d) = − (10)
where  is the (Euclidean) Laplacian. A natural equa-
tion for fermions is then the Ka¨hler-Dirac equation:
(d− δ +m0)ω = 0. (11)
Notice that the Ka¨hler-Dirac field ω must necessarily cor-
respond to a collection of differential forms. In order to
build the relationship between Ka¨hler-Dirac fermions and
Dirac fermions we will compare the action of (9) on dif-
ferential forms with that of the Dirac operator acting on
4× 4 matrices.
Consider two objects, one a matrix formed from com-
binations of gamma matrices, and the other a collection
of differential forms [29, 39]:
ω = A+Aµdx
µ +
1
2
Aµνdx
µ ∧ dxν + . . . (12)
Ψ = A+Aµγ
µ +
1
2
Aµνγ
µγν + . . . (13)
The action of (9) on (12) is to raise and lower forms: d
acts to raise forms up by one, while δ acts to lower forms
by one. By applying (9) to (12) and γµ∂µ to (13) in
5parallel, one can see that these two operators act iden-
tically on their respective objects. It remains to deduce
the relationship between
(γµ∂µ +m0)Ψ = 0, (14)
and the original Dirac equation. In fact, Ψ represents
four copies of a Dirac spinor, one for each column of the
4 × 4 matrix Ψ. One can see this more explicitly by
writing an original Dirac spinor as a single column of
a 4 × 4 matrix where the other columns are set to zero,
and since the gamma matrices are a basis for this matrix,
this matrix admits a form like Eq. (13). Therefore, (14)
corresponds to four copies of the Dirac equation.
The discussion so far has been in flat space-time; how-
ever, Eq. (11) is valid in any metric in contrast to the
usual Dirac equation. Nevertheless, it is guaranteed that
in the limit of small curvature Eq. (11) is equivalent to
four copies of the Dirac equation.
B. On the lattice
A remarkable advantage of Ka¨hler-Dirac fermions is
their immediate translation to triangulated spaces [39,
40]. Since the Ka¨hler-Dirac formulation contains no
spinors there is no need to introduce a spin-connection or
vielbein. Instead one can simply use known results from
homology theory [39–41] to map the exterior derivatives
to operators that act naturally on discrete spaces:
d 7→ d (15)
δ 7→ δ. (16)
d is the co-boundary operator and δ = d
T
is the bound-
ary operator. These operators have actions on fields de-
fined on p-simplices (p-cochains) which are analogous to
the action of d and δ on continuum differential forms. In
a combinatorial triangulation each p-simplex is specified
by an ordered list of its vertices. The boundary oper-
ator δ acts on such a p-simplex to product a list of its
boundary (p − 1)-simplices weighted by signs denoting
their orientation within that p-simplex via the relation
δp[v0, . . . vp] =
p∑
i=0
(−1)i[v0, . . . v̂i . . . vp] (17)
with the v̂i indicating the deletion of the i
th vertex.
When applied to a p-cochain this operation yields ori-
ented sums of boundary (p − 1)-simplex fields for each
p-simplex and constitutes a map from (p − 1)-cochains
to p-cochains. Conversely the fundamental action of d is
to extract the co-boundary of a given p-simplex, that is,
to furnish a oriented list of the (p + 1)-simplices which
contain that p-simplex. Applied to a p-cochain it yields
oriented sums of co-boundary (p + 1)-simplex fields for
each p-simplex and yields a map from (p + 1)-simplices
to p-simplices.
It is crucially important in this construction that the
triangulation be oriented. This means that in d dimen-
sions every (d − 1)-simplex is assigned an opposite ori-
entation in the two d-simplices that contain it. It is also
important to understand how this prescription is applied
to degenerate triangulations which will be covered in the
following section.
Using these operators the lattice Ka¨hler-Dirac equa-
tion can be written down straightforwardly as
(d− δ +m0)ω = 0 (18)
where ω is the collection of p-cochains for that lattice.
Note that, just as above, the square of this lattice oper-
ator gives the lattice Laplacian
∆ = (d− δ)2 = −(dδ + δd). (19)
This matrix is block diagonal with five blocks, one for
each p-simplex. Therefore, the square of the Ka¨hler-
Dirac operator yields lattice Laplacians for not only the
0- and 4-simplices which have a natural interpretation
in terms of the direct and dual lattices but also for all
intermediate rank simplices. In the next section we will
construct these lattice operators explicitly for triangu-
lated spaces.
IV. CONSTRUCTING d AND δ
In our work we have utilized degenerate Euclidean tri-
angulations of a sphere in four dimensions[42]. From the
previous arguments we require that all such triangula-
tions must be oriented. For combinatorial triangulations
any p-simplex is uniquely specified by its vertices. This is
not the case for degenerate triangulations and additional
labels are needed to uniquely specify the p-simplex. Nev-
ertheless, once these additional labels are employed the
construction of d and δ follow the same pattern discussed
above.
To ensure that the surface is oriented, first the vertex
labels of each 4-simplex are ordered. Then, adjacent faces
of every pair of neighboring 4-simplices need to appear
with opposite orientation or parity; that is, when the
boundary operator operates on two adjacent 4-simplices,
the common faces they share must appear with opposite
signs. We can accomplish this orienting by systemati-
cally going through the lattice, one 4-simplex at a time,
and ensuring that each face appears with the correct par-
ity. To do this, consider the dual lattice. In the dual,
there is a vertex for each 4-simplex, and five edges leav-
ing each vertex, each representing a 3-simplex (tetrahe-
dron). In the case of degenerate triangulations, multiple
connections between two dual vertices (4-simplices) are
allowed, however there cannot be more than four con-
nections between any two dual vertices since five connec-
tions would imply that such pairs of 4-simplices would be
completely disconnected from the rest of the lattice. To
go through the lattice systematically we find a spanning
6+
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FIG. 2. A section of a lattice showing oriented 4-simplices. It
is implied that at the end of each edge is another 4-simplex
even if not drawn. Here the faces of adjacent 4-simplices
must have opposite parity. Once the parity of a single face
in a 4-simplex in known, all other parities for the faces in
the 4-simplex are known (after fixing a vertex ordering). A
spanning tree is shown in red.
tree in the dual representation such that we visit each
4-simplex once. If N4 is the number of 4-simplices, then
the spanning tree contains N4 − 1 edges and this tree is
the path we follow to orient the lattice.
To orient the lattice we first choose an ordered 4-
simplex and then, using the boundary operator, assign
a sign to each of the faces of the 4-simplex. At least one
of the faces of this 4-simplex is in the spanning tree. We
follow one of these edges to an adjacent 4-simplex, and
using the ordered vertices of the new 4-simplex, compute
the parity of its faces. If the parity of the traversed face
appears with opposite parity from whence we came, it
is already correctly oriented. Otherwise, we multiply all
of the faces in that simplex by −1 to give it the correct
orientation. Next we choose another edge in the tree
that can be traversed and repeat the above procedure
until no more 4-simplices remain to be visited. After
completing this procedure, all 4-simplices will have been
visited and given an orientation based on their neighbor-
ing 4-simplices. An example of an oriented section of the
lattice is shown in Fig. 2. Note that the sign of a single
face in a 4-simplex is enough to determine the parity of
all the faces of the simplex.
As a demonstration consider the matrix which has for
every 3-simplex the mapping to its oriented co-boundary
i.e an oriented list of 4-simplices. Call this matrix d4, its
shape is N3 × N4. Then each column has five nonzero
entries, one for each tetrahedron, whose matrix element
is either a 1 or −1 depending on the simplex orientation.
Simultaneously, each row has only two nonzero entries,
and one of these is necessarily 1, and the other −1, if this
lattice is to be oriented.
Now homology theory demands that the co-boundary
of the co-boundary of a simplex be zero. This amounts
to the matrix equation
d3d4 = 0, (20)
with d3 the N2×N3 matrix which has for every 2-simplex
the mapping to its co-boundary. This matrix can be con-
structed in the following way. Operate on the ordered
vertices of each 3-simplex using the boundary operator.
The sign assigned to each 2-simplex from this operation
is the matrix element for d3. The only subtlety here
occurs because we work with degenerate triangulations.
In this case the matrix elements of dp must be specified
using the unique identification label of a simplex, since
many of the same type of simplex (with different identi-
fication labels) will use the same vertices in a degenerate
triangulation. The orientation found for d4 will guaran-
tee Eq. (20) is zero if the columns of d3 are constructed
using the boundary operator. One then proceeds identi-
cally in all the lower sub-simplex matrices.
The full “co-boundary matrix” is defined as
d =

0 0 0 0 0
d4 0 0 0 0
0 d3 0 0 0
0 0 d2 0 0
0 0 0 d1 0
 (21)
and the full “boundary matrix” is δ ≡ dT . These are
N ×N matrices with
N =
4∑
i=0
Ni, (22)
the sum of the number of each simplex. In fact, if one
uses the boundary operator in the construction of the dp
matrices, like above, in general
dd = 0 (23)
and
δδ = 0 (24)
follow immediately. The fact that the matrices con-
structed on individual lattice geometries satisfy these re-
lations provides a check of the calculation.
V. RESULTS
A. Eigenvalues of the Ka¨hler-Dirac operator
The Ka¨hler-Dirac operator augmented with a real
mass, K = (d− δ) +m0, has complex eigenvalues of the
form ±iλ+m0 which follows from the real antisymmet-
ric nature of the massless Ka¨hler-Dirac operator. The
7eigenvalues, λ can be calculated using the Hermitian op-
erator,
−+m20 = (d− δ +m0)(d− δ +m0)† (25)
= d δ + δ d +m20. (26)
One simply subtracts off the mass term and square-roots
to obtain |λ|.
Because we are working on a four-sphere there are two
exact zero-modes, one associated with the 4-simplices,
and another the 0-simplices [31]. Consider the spectral
decomposition of the lattice Ka¨hler-Dirac operator with
a non-zero mass:
K +m0 =
2∑
g=1
m0|0, g〉〈0, g| (27)
+
N∑
n=2
(iλn +m0)|n〉〈n|, (28)
where g denotes the two-fold degeneracy. These zero-
modes are a result of a remnant U(1) symmetry [31, 39].
Specifically, the operator
Γ =
4⊕
p=0
(−1)p (29)
anti-commutes with the massless Ka¨hler-Dirac operator
and can be promoted to a U(1) symmetry, eiθΓ, of the
massless action. From this it’s clear that the two-fold
degeneracy comes from transforming eigenstates of K by
Γ.
We computed the smallest unique 350 eigenvalues of
KK
T
to extract the eigenvalues of the Ka¨hler-Dirac op-
erator. Looking at the volume dependence, we can see
they follow a power-law behavior. This can be seen in
Fig. 3 for the first few eigenvalues. If we assume a form
λn ' an
Npn4
+ bn (30)
where an, pn, and bn are eigenvalue-specific parame-
ters, we can fit and extract the infinite volume value.
To do this we used non-linear least-squares fitting with
jack-knife errors. By preforming this procedure on the
first few-hundred eigenvalues we find the eigenvalues re-
shuffle themselves in a different order in the infinite vol-
ume limit. In fact, some eigenvalues even extrapolate
to negative values, meaning they move from the posi-
tive members of λn to the negative members of λn. This
is acceptable since the same, but negative eigenvalues
extrapolate to positive values so the overall number of
positive and negative eigenvalues remains the same. The
final re-ordered eigenvalues at infinite volume can be seen
in Fig. 4 for the first 16 eigenvalues. This figure provides
some support for the possibility that there exist groups
of four-fold degenerate eigenvalues, which the continuum
Ka¨hler-Dirac operator has in flat spacetime. The largest
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FIG. 3. The power law behavior of the first few smallest eigen-
values of the Ka¨hler-Dirac matrix in the system size volume.
Here we show the volume dependence across the 4000, 8000,
and 16,000 simplex ensembles at β = 0. The dashed lines are
linear fits across the three volumes.
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FIG. 4. The first 16 eigenvalues of the Ka¨hler-Dirac matrix
at infinite-volume extrapolation for the β = 0 ensembles.
gaps appear after the first four and eight eigenvalues,
suggesting that already at coarse coupling the eigenval-
ues are beginning to arrange themselves in groups of four
degenerate values, though finer lattice spacings will be
needed to more carefully test this hypothesis. Plots of
this character are reminiscent of lattice QCD calcula-
tions of eigenvalues using staggered fermions [43], where
the fourfold degeneracy is needed to ensure that stag-
gered fermions are in the same universality class as other
fermion discretizations. In our case, this result provides
a hint that the infinite-volume, continuum-limit behavior
is one in which we recover four copies of Dirac fermions
in the small curvature limit, just as in the continuum for
Ka¨hler-Dirac fermions.
8B. Mesons
The appearance of approximate four-fold degeneracy
of the eigenvalues of the Ka¨hler-Dirac matrix encourages
us to look at other observables which would support the
hypothesis that Ka¨hler-Dirac fermions on EDT config-
urations correspond to four copies of Dirac fermions in
the continuum limit. In this section we consider bound
states of Ka¨hler-Dirac fermions. By using the propaga-
tor for the Klein-Gordon field we can write down explicit
formulas for the propagators of Ka¨hler-Dirac fields be-
tween simplices. Let K ≡ (d− δ), and P ≡ (K2)−1 with
K
2
= KK
T
. Then,
K
−1
=
K
K
2 = KP. (31)
As a matrix,
(K+m0)
−1
=

m0P4 −δ4P3 0 0 0
d4P4 m0P3 −δ3P2 0 0
0 d3P3 m0P2 −δ2P1 0
0 0 d2P2 m0P1 −δ1P0
0 0 0 d1P1 m0P0
 (32)
where Pn is the n-simplex block of P . From this con-
struction we can see that the Ka¨hler-Dirac propaga-
tors between simplices of the same type are simply the
Klein-Gordon propagators scaled by m0. There are non-
trivial propagators between simplices of different types
on the off-diagonals. We see that a propagator from a
p-simplex to a p ± 1-simplex is built from linear combi-
nations of propagators from a p-simplex to p-simplices in
the (co)boundary of the p± 1-simplex. For example, the
propagator between a 4-simplex and a 3-simplex is the
difference (because they are oriented) of the propagators
from the 4-simplex to the two co-boundary 4-simplices of
the 3-simplex. With these matrix elements, and a def-
inition of distance between simplices, we can compute
propagators.
Let us now turn to a definition of distance for the lat-
tice propagators. Apart from the 0- and 4-simplex prop-
agators, a clear definition of distance between simplices
is not available. Some ideas are:
1. Use the non-zero, off-diagonal indices of the matrix
dpδp to identify neighbors. These are all neighbor-
ing simplices which share a p + 1-simplex. This
seems natural on the dual lattice.
2. Use the non-zero, off-diagonal indices of the matrix
δpdp to identify neighbors. These are all neighbor-
ing simplices that share a p−1-simplex. This seems
natural on the original lattice.
3. Use the non-zero, off-diagonal indices of the matrix
dpδp + δpdp to identify neighbors. These are all
neighboring simplices which share a p+ 1-simplex,
or a p − 1-simplex, but not both. This option is
justified by the fact that it lets the lattice Laplacian
define nearest neighbors.
4. Smear the source and sink at each 4-simplex. As-
sign a distance based on the dual lattice edges
(tetrahedra) and average the source-to-sink prop-
agators between 4-simplices. This is simple and
easy to implement.
Items 1-3 require one to “fan-out” from the single source
sub-simplex in a consistent fashion, which is possible but
difficult. The results of this work use option 4, which
is simple to implement and shows a cleaner signal than
others that were looked at. Ultimately only the short
distance physics should be affected by smearing.
Given that there are two zero-modes in the eigenvalue
spectrum it is natural to look at quartic operators of
fermion fields, since the two factors of mass will cancel
the two factors from the fermion determinant in the dy-
namical theory in the chiral limit [31, 44]. One simple
case to consider is the analog of the pion for each of the
possible simplex-sectors,
〈ωxΓωxωyΓωy〉 → 〈ωyωx〉〈(ωyωx)†〉 (33)
= (K +m0)
−1
yx ((K +m0)
−1
yx )
∗, (34)
≡ 〈pi(x)pi(y)〉 (35)
which is built from two fermion propagators [45]. It is
straightforward to construct pion-like meson operators in
the nine main sectors of the inverse Ka¨hler-Dirac matrix.
These nine sectors are the p-simplex to p-simplex type
mesons located on the diagonal, and the p-simplex to
p± 1-simplex type mesons on the off-diagonal.
We primarily consider the p-simplex-to-p-simplex
mesons. From the meson propagators one can extract
a mass. The meson propagators, as a function of dis-
tance, can typically be divided into three regions: short
distances, intermediate distances, and long distances. At
short distances the signal can be dominated by discretiza-
tion effects from the finite lattice spacing, while at long
distances there are discretization effects that might be
attributed to baby universes that branch off the mother
universe. These baby universes can be quite long at
coarse lattice spacings, though their cross-section is of or-
der the lattice cut-off. Although this baby universe con-
tamination appears to vanish in the continuum limit, it is
important to keep in mind that it can lead to significant
deviations from semiclassical behavior at long distances
on coarse lattices. We use the lattice distance where the
semi-classical approximation for a de Sitter spacetime
broke down to determine a long distance cutoff in our
fits [13]. Similarly at very short distances the functional
form of the propagator is contaminated by discretization
effects and excited states, therefore, one must look for
a window of intermediate distance scales that are in the
semiclassical scaling regime and extract a meson mass
from fits to that range. This range is typically between a
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FIG. 5. Meson propagators for the 3-simplex to 3-simplex
block for four different masses, along with their fits in black
using Eq. (37). Here the three different distance regions are
shown (left to right) as yellow, green, and blue. This data is
from the β = −0.8, 8000 simplex ensemble.
few lattice spacings, and ∼ 15 lattice spacings depending
on the ensemble. As an example, the 3-simplex meson
propagator for the β = −0.8, 8000 simplex ensemble is
shown in Fig. 5 for four different masses along with the
approximate boundaries for the three distance regions.
We use two different fitting forms depending on the lat-
tice spacing. For coarser lattices we use an exponential
fit,
〈pi(x)pi(y)〉 ' a exp (−m|x− y|), (36)
while for finer lattices we use
〈pi(x)pi(y)〉 ' a exp (−m|x− y|)/|x− y|b, (37)
with a, b, and m fit parameters. The latter fit form
includes power law dependence, which is expected when
the mesons propagate on a curved background [46]. The
rationale for the two fit forms is that the finer lattices
also have smaller physical volumes, and thus the effects of
curvature are expected to be more evident, which appears
to be the case.
We find that, except for the 0-simplex meson, the other
mesons tend to have much larger masses than the input
bare quark mass. We expect the 0-simplex meson to
vanish in the chiral limit since there is a zero-mode as-
sociated with that sector, and we also expect that the
4-simplex meson mass should tend to zero in the chiral
limit since there is also a zero mode associated with that
sector. The 0-simplex meson shows every sign of van-
ishing in the chiral limit. The 4-simplex meson is more
massive for larger input masses, but does indeed tend to
zero quickly in the small mass regime. The intermediate
simplex mesons clearly remain massive in the chiral limit
as can be seen in Fig. 6, however as we discuss below, all
the mesons exhibit behavior consistent with m → 0 in
the chiral limit if we also take the continuum limit.
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FIG. 6. The chiral extrapolation for the 1-, 2-, and 3-simplex
mesons. Here the dashed lines are linear fits, and the furthest
left data points are the m0 → 0 extrapolation. These masses
are from the 4000 simplex, β = 0 ensemble.
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FIG. 7. The physical masses of the meson propagators be-
tween like simplices in the chiral limit for a variety of ensem-
bles. The 0- and 4-simplex masses tend to zero in the chiral
limit because of the inherent zero modes. The other simplex
mesons remain massive in the chiral limit; however, as the
lattice become finer their masses tend to get smaller. The
coarsest lattices do not follow this trend, but the expected
scaling should break down for sufficiently large lattice spac-
ing. The relative lattice spacing is set by the fiducial lattice
spacing at β = 0.
Figure 7 shows the masses of each of the mesons in the
chiral limit for a few ensembles representing different lat-
tice spacings. Here the masses are expressed in physical
units using a fiducial lattice spacing set to that at β = 0.
In this figure we see that the masses associated with the
finest lattice spacings are trending smaller. This would
be in line with completely degenerate fermion masses in
the continuum, infinite-volume limit. Indeed if we look
at the sum of the squares of the masses for the 1-, 2-, and
3-simplex mesons as a function of squared lattice spac-
ing we find these masses are tending to zero linearly.
This is shown in Fig. 8. Here a line to guide the eye
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FIG. 8. The sum of the squares of the meson masses for the
1-, 2-, and 3-simplex mesons versus the squared relative lattice
spacing. At coarse lattice spacing there doesn’t seem to be a
particular trend; however, at finer lattices these masses trend
to zero. The line is fixed at zero and the lower a2rel = 1 point
and is meant to guide the eye.
has been drawn, fixed at zero and ending at the lower
a2rel = 1 point. Note that the coarsest lattices do not
follow this linear trend. This might be expected, since
for sufficiently large lattice spacings the scaling behavior
in the fixed point regime should break down.
C. Condensates
Another important aspect that Ka¨hler-Dirac fermions
should satisfy if they are to model realistic continuum
fermions is that chiral symmetry should not be broken at
order the Plank scale. Here we investigate this possibil-
ity when Ka¨hler-Dirac fermions are coupled to strongly-
coupled gravity. We consider the diagonal of the inverse
Ka¨hler-Dirac matrix, as the trace of this matrix corre-
sponds to the vacuum expectation value (VEV) of the
fermion bilinear. Here we define the bilinear VEV as
〈ωω〉 = 1
N4
∑
x
(K +m0)
−1
xx (38)
=
1
N4
 2
m0
+ 2m0
N/2∑
n=2
1
λ2n +m
2
0
 (39)
on the lattice using the Ka¨hler-Dirac matrix. Using
stochastic Z2 noise [47], it is relatively simple to extract
the diagonal elements of the inverse Ka¨hler-Dirac ma-
trix. Using a small number of configurations within each
ensemble along with small ensembles of Z2 noise yields
relatively clean results. The presence of a condensate
would be signaled by this observable tending to a finite
limit as m0 → 0 and N4 → ∞. Figure 9 shows the bi-
linear condensate across three volumes at a fixed value
of β = 0, as well as the infinite volume extrapolation.
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FIG. 9. The bilinear condensate for the Ka¨hler-Dirac matrix
at three different volumes and the extrapolation to infinite
volume. The finite volume curves show that the condensate
diverges for sufficiently small values of m0. Taking the infinite
volume limit and then taking the chiral limit we see that the
condensate vanishes as m0 → 0. The extrapolation to zero in
the chiral limit indicates the U(1) symmetry associated with
Eq. (29) is not spontaneously broken. These calculations were
done at β = 0.
At finite volume one can see the 1/m0 divergence at suf-
ficiently small mass predicted by the form of Eq. (38).
Following Refs. [48, 49], the removal of the zero-modes
can be justified and one can extract the chiral limit from
the finite volume condensate; however, ideally one would
first take the N4 →∞ limit and then the m0 → 0 limit.
We tried both removing the zero-modes at finite volume,
as well as taking the N4 → ∞, m0 → 0 limit. The two
procedures agree. Here we show results from the later.
We use a fitting form,
〈ωω〉 ' a
N4
+ b, (40)
where a and b are free parameters, to extract the infinite
volume condensate. The extrapolation to zero for the bi-
linear condensate in the infinite volume, chiral limit indi-
cates that the remnant U(1) symmetry associated with Γ
is not spontaneously broken in the limit of vanishing bare
mass (what is usually termed the chiral limit) [21, 49].
Yet another possible condensate is a four-fermion con-
densate defined on the lattice as
〈ωωωω〉 = 1
N4
∑
x
((K +m0)
−1
xx )
2. (41)
Similar to the bilinear, this quantity diverges for small
m0, however the divergence goes like 1/m
2
0 in this case,
as opposed to 1/m0. This term should arise naturally au-
tomatically in simulations with dynamical Ka¨hler-Dirac
fermions. It is associated with an anomalous breaking
of the U(1) symmetry on manifolds with non-zero Eu-
ler number. However, the condensates arising from the
anomaly vanish like the inverse volume and are far too
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small to be seen in our simulations. This is discussed in
detail in Ref. [31].
VI. CONCLUSION
We have investigated the coupling of Ka¨hler-Dirac
fermions to dynamical triangulations in the quenched ap-
proximation. Here only gravity is dynamical, i.e. we
neglect the back-reaction from the matter sector. The
lattice Ka¨hler-Dirac matrix is constructed using results
from homology theory, and this construction allows us to
avoid introducing a spin connection and a vielbein ex-
plicitly within the formulation. Instead, one can simply
rely on the lattice analogues of the exterior derivative and
its adjoint, the so-called coboundary and boundary op-
erators. The use of Ka¨hler-Dirac fermions has a further
advantage - they exhibit an exact U(1) symmetry at van-
ishing bare mass on any triangulation and hence fermion
masses only receive multiplicative renormalization.
Using this construction we study the eigenvalues, me-
son propagators and bilinear fermion condensate of the
Ka¨hler-Dirac matrix. The observed eigenvalues matched
expectations from the topology of the lattice configura-
tions, namely the number of zero-modes and their respec-
tive simplex sectors. In the thermodynamic limit there
is a hint that the eigenvalues are clumping into degener-
ate groups of four. This is consistent with the scenario
in which Ka¨hler-Dirac fermions become four copies of
Dirac fermions in the small curvature limit, as expected
in the continuum. However, we are only able to take the
infinite volume limit for a single lattice spacing and ad-
ditional volumes at finer lattice spacings are necessary to
make this study more conclusive.
We also considered meson propagators between like
simplices. Here we looked across a range of relative
lattice spacings and compared meson masses in physi-
cal units in the limit of small bare masses (the chiral
limit). We found the 0- and 4-simplex mesons tended
towards zero mass in the chiral limit while the interme-
diate simplex mesons had finite mass. However, as one
moves along the critical line to finer lattices we see that
the sum of the squared splittings extrapolates to zero
and that the extrapolation is linear in the lattice spacing
squared. This is further evidence that the four species of
Ka¨hler-Dirac fermions become degenerate in the contin-
uum (infinite volume) limit. Taken together, these results
provide non-trivial evidence that we recover the correct
long-distance behavior of Ka¨hler-Dirac fermions in the
continuum. This provides evidence that fermions see the
emergence of four-dimensional, smooth Euclidean space
with small curvature at the same point where fits of the
geometry indicate a semi-classical de Sitter space. The
fact that we see discretization effects that are strongly
reminiscent of staggered fermions in QCD and that these
effects appear to vanish in the continuum lends further
support to the fact that the continuum limit actually ex-
ists, and thus bolsters the case for the asymptotic safety
of quantum gravity as realized by dynamical triangula-
tions.
We also looked at the bilinear condensate associated
with the inverse of the Ka¨hler-Dirac operator and found
that it matches our expectations based on our study of
the eigenvalues. We find a 1/m0 divergence for suffi-
ciently small m0 at finite volume, but upon taking the in-
finite volume limit the condensate tends to zero. This in-
dicates a lack of breaking of the remnant U(1) symmetry.
Although further study at finer lattice spacings is needed
to solidify these results, our work suggests that there is
no spontaneous chiral symmetry breaking of order the
Planck scale, so that fermion bound states do not acquire
an unacceptably large mass due to strongly coupled grav-
ity in our model. Similar results were found in functional
renormalization group investigations of fermions coupled
to quantum gravity [50].
Finally, it would be interesting to un-quench our simu-
lations of Ka¨hler-Dirac fermions coupled to gravity. Then
we could compare our current results with identical quan-
tities calculated including the back-reaction of the mat-
ter fields, thus eliminating a short-coming of the present
work. We are currently investigating various algorithms
towards this end.
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